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Abstract. In this paper, we study the supports of measures in the free additive 
convolution semigroup {fi Bt : t > 1}, where \x is a Borel probability measure on R. 
We give a formula for the density of the absolutely continuous part of fj, Bt and use 
this formula to obtain certain regularizing properties of fi Bt . We show that the 
number n(t) of the components in the support of ^t ffl * is a decreasing function of t 
and give equivalent conditions so that n(t) = 1 for sufficiently large t. Moreover, a 
measure fi so that ^t fflt has infinitely many components in the support for all t > 1 
is given. 

1. Introduction 

Given two Borel probability measures /i and v on R, denote by /z EB v their free 
additive convolution, which is the probability distribution of X + Y, where X and Y 
are free selfadjoint random variables with distributions \x and v, respectively. Free 
convolution is a binary operation on the set of Borel probability measures on R, which 
is analogue of classical convolutions. We refer to [19] for a systematic exposition of this 
subject and [5] for analytic methods for the computations of free convolutions. 

One of the important properties for free convolution is subordination. That is, the 
Cauchy transform (see section 2 for definition) G^s v is subordinated to G^, in the 
sense that G^gg,, = G M o uj for some analytic self-mapping uj of the complex upper 
half-plane. We refer the reader to [7,9, and 17] for details. One of the applications of 
subordination functions is to study the regularity for free convolution. Free convolution 
is a highly nonlinear operation, however, it has a stronger regularizing effect than 
classical convolution. Systematic study of regularity for free convolution by means of 
subordination functions can be found in [6,7,8, and 17]. In particular, the atoms of 
free convolutions are determined. Moreover, if 7 is the semicircular distribution then 
the density of [i EB 7 is continuous on M and analytic wherever it is positive. 

For n s N, the n-fold free convolution fj, EB • • • EB fj, is denoted by /jP n . It is known 
that the discrete semigroup : n G N} can be embedded in a continuous family 

{fi m : t > 1} such that ^i ffltl EB /i fflt2 = / _j m (^+ t ^ for all h,t 2 > 1. This was first 
proved by Bercovici and Voiculescu in [6] for measures fi with compact support and for 
large values of t. Later, in [14] Nica and Speicher generalized this result to compactly 
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supported measures and t > 1 by exhibiting explicit random variables with the cor- 
responding distributions whose calculations of the distribution are based on moments 
and combinatorics. The existence of subordination functions u t in this context and re- 
lated consequences for the regularity for the measures ^ ffl * were thoroughly studied by 
Belinschi and Bercovici in [1] and [2]. More precisely, for t > 1 let /z fflt be the measure 
satisfying the requirement F^at = F^ o co t , where F^at — and F^ = are 

reciprocal Cauchy transforms. This gives an alternate proof of the existence of /z fflt . 
With the help of w t , it was shown that the free convolution power ^ fflt of fi has no 
singular continuous part and its density in the absolutely continuous part is locally 
analytic. 

In this present paper, we use different points of views to obtain some properties of 
F^ and analyze the relation between the supports supp(^i) and supp(/i ffl *) of \i and 
^ fflt , t > 1, respectively. By means of the methods developed in this paper, we give a 
complete description about how supp(/i ffi *) changes when t increases. Motivated by the 
free central limit theorem (see [6,10,11,12, 15, and 20] for details), one of the purposes 
of this paper is to study the number n{t) of components in the support of /z fflt . We 
show that n{t) is a decreasing function of t for t > 1 and that n(t) = 1 for sufficiently 
large t if and only if n(i') is finite for some t' > 1. We also construct a measure \i so 
that n{t) is infinite for all t > 1. 

The paper is organized as follows. Section 2 contains some definitions and basic 
propositions from free probability theory. Section 3 provides some properties of F^ 
which are related to the subordination function u t , and an explicit formula for the 
density of the absolutely continuous part of ^ fflt . Section 4 contains complete investi- 
gations on the supports of the measures /x ffl *. 



For any complex z in C, let and 3z be the real and imaginary parts of z, 
respectively, and denote by C + = {z e C : 3z > 0} the complex upper half-plane. For 
any Borel probability measure fj, on R, define its Cauchy transform as 



of zero in the lower half-plane. The Voiculescu transform TZ^ of the measure \i defined 
as 



2. Preliminary 





n il {z) = G-\z)-z-\ z&D, 



is the linearizing transform for the operation EEL That is, the identity 
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holds on a domain where these three functions are defined. The measure p can be 
recovered from the Cauchy transform as the weak*-limit of the measures 

dp e (s) = --3G„(s + it) ds 

as e — > + , which we refer to as the Stieltjes inversion formula. Particularly, if the 
function SG^(s) is continuous at the point x € R then in the Lebesgue decomposi- 
tion the density of the absolutely continuous part of p at x is given by — $sG ^(x) / n . 
Therefore, this inversion formula gives a way to extract the density function from the 
Cauchy transform. 

The reciprocal Cauchy transform = 1 /G M is an analytic self-mapping of C + . By 
Nevanlinna representation, it can be expressed as 

(2.1) F,(z) = a + z + f l -±^-dp{s), 

jr s ~~ z 

where a = SRF^(i) and p is some finite positive Borel measure on R uniquely determined 
by Fp. Indeed, p is the weak*-limit as e — > + of the measures 

(2.2) dp e (s) = ^ ( 2 S + y <b. 

It was shown in [13] that F M can be expressed in terms of a Cauchy transform of some 
measure if p has finite mean and unit variance. More precisely, a measure p satisfies 

/ s dp(s) = and / s 2 dp(s) = 1 

JR JR 

if and only if 

F ll {z) = z-G v {z), zeC+, 

where v is some Borel probability measure on R. 

Denote by z — > a if z — > a nontangcntially to R, i.e., (3?z — a)/Sz stays bounded. 

< 

A useful criterion for locating an atom a of p is the limit 

(2.3) lim(z-a)G^(z)=p({a}). 

< 

An equivalent statement of the above limit is that a point a G R is an atom of p if and 
only if F^(a) = and the Julia-Caratheodoty derivative F'^(a) (which is the limit of 

F,(z)-F,(a) 

z — a 

asz^a nontangentially and z € C + ) is finite, in which case 

1 



p({a}Y 

Similarly, there is an effective way to identify the atoms of the measure p in the Nevan- 
linna representation (2.1) for F^. The following lemma is well known, however, we have 
no recollection of seeing it stated explicitly. We provide a full proof without claiming 
any paternity. 
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Lemma 2.1. If a € K i/ien 

lim(z- a )F AJ (z) = -( a 2 + l)p({ a }). 



Proof. By considering the positive measure p — p({a})So, we may assume that a 
is not an atom of p, in which case we must show that (z — a)F^(z) — > as z — > a 
nontangentially. Write z = x + iy and suppose 



x — a 



< M and \z - a\ < 1, 



where < M < oo. Let N = 2(|a| + 1). Note that if s > N then 



s — z 



— i 



< 



< 



s — x s — (a + 1) 



<2, 



whence 



sz 



<2(|a| + l). 



Similarly, the above inequality also holds for s < — iV. For s e ( — iV, iV), we have 



z — a 



sz 



< 



z - a 



s — z 

Moreover, for any selwe have 



sz\ < N(\a\ + l)^f^P + i. 



\z — a\ 
Is — z\ 



x — a 
V 



Since 



(z — a 



+ SZ 



+ i 



dp(s) 



< 



< 



x — a 



+ i 



< y/M 2 + 1. 



|z — a\ + \sz\\z — a\ 



dp(s), 



and asz->a nontangentially the integrand converges to zero p-a.e. and stays bounded 
by the above discussions, it is easy to see the desired result holds. □ 

As in the introduction, the collection of the t-th convolution power p m of p forms 
a semigroup {/x fflt : t > 1} which interpolates the discrete semigroup {p Sn : n £ N}. 
The construction of p St for arbitrary p by using subordination functions and analytic 
methods is introduced in following two paragraphs. 

For any t > 1, consider the function 

(2.4) H t {z)=tz-(t-l)F ll (z), zeC+. 

Then we have $SH t (z) < Sz for z e C+ and 



lim 

y->oo 



1. 



Moreover, there exists a continuous function w t : C+ — > C+ such that w t (C + ) C C + , 
w f |C+ is analytic, and H t (u t (z)) = z for z e C+. If the set {z e C+ : $sH t (z) > 0} is 
denoted by f2 t then 

fit =Wt(C+) 



is a simply connected set whose boundary uj t (R) is a simple curve. Then the equation 
Ut(H t (uJt(z))) — uj t (z), z € C + , shows that the equation u} t (H t (z)) — z holds for z € f2t, 
and hence the inverse of wt is H t \Sl t . Moreover, if x e R and Sw t (i) > then uj t can 
be continued analytically to a neighborhood of x. 
Let it ffl * be the measure defined by the requirement 



It turns out that the measure /z can be characterized in terms of Voiculescu transform, 
i.e., the measure /z fflt obtained in this way is the unique measure satisfying 



where z is in the common domain of these two functions. By using the equation 
H t (ujt(z)) = z we can rewrite (2.5) as 



Regularity properties of /z ffit have been studied thoroughly in [1] and [2]. We now 
review some of these results which are relevant to our investigation on the number of 
the components in the support of it fflt . For any t > 1, the singular part of the measure 
tt fflt with respect to Lebesgue measure is purely atomic and p m has an atom a if and 
only if fj,({ta}) > 1 — t^ 1 in which case /i ffl *({a}) = t/x({a}) — (t — 1). A weaker 
statement, i.e., a point a satisfying F mt(ta) = if and only if /x({a}) > 1 — t , also 
holds. Hence for any measure fi which is not a point mass, the atoms of disappear 
for sufficiently large t, and hence is absolutely continuous for such t. 

3. Decreasing number of components in the support of n m 

Throughout this section, t is a parameter with t > 1 and for any given and fixed 
Borel probability measure /x on R, p is the unique finite positive Borel measure in the 
Nevanlinna representation (2.1) of F^. Our analysis of the support of ii fflt will be based 
on the following function g : R — > R + U {oo} defined as 



(2.5) 



F^ t (z) = F^ t (z)), zeC+. 



^fflt(z) = tn^z), 



b ll mt{z) = — — - — , z E <L , 



which shows, in particular, that F at extends continuously to C+. Also, by the equation 
u t {H t {z)) = z, z e O t , we have 

F^m t (H t (z)) =F ll {z), zeSlf 




Associated with the function g and the parameter t are the following sets 
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and the function 

„2 



ft(x) = inf L > : / g2 + 1 2 dp(s) < -^—\ 
I Jr {x - s) 2 + y 2 t - 1 J 

which will play important roles in the analysis. 

Lemma 3.1. // V t U V t ~ contains an open interval I then p{I) = and g is strictly 
convex on I. 

Proof. Let (a, b) be any interval contained in /. Then for any x € (a, b) we have 



1-1 "A («-.t) 2 (l>-a) 2 (*-«) 2 ' 

from which we obtain that p((a,bj) — 0. Since the second order derivative of g is 
positive on (a, 6), the second assertion follows. This completes the proof. □ 
By the definition of H t in (2.4), we have 

(3.1) <3H t {z) = {$Sz) ( 1 - (t - 1) / dp(s)) , z e C+. 

Proposition 3.2. The function H t satisfies ^sH t (z) > for all z e C + i/ anrf on??/ if 
p is a Dirac measure in which case pP f is a Dirac measure as well. 

Proof. It follows from (3.1) that SH t (z) > holds for all z e C+ if and only if 

which happens if and only if g(x) < (t — 1) _1 holds for all ir € K by monotone 
convergence theorem. Then Lemma 3.1 shows that $sH t (z) > 0, z e C + , if and only if 
p is a zero measure or, equivalently, F^ = a + z, i.e., p is the point mass S- a - It is easy 
to see from (2.4) and (2.5) that F mt(z) = ta + z, whence p St = <5_t a . D 

From the proof of the preceding proposition, p is a point mass if and only if V t + is 
an empty set for all t > 1. For the rest of the paper, we confine our attention to the 
case of p which is not a Dirac measure. 

The following lemmas are essentially similar to the results in [8] and [11]. For the 
completeness, we provide the proofs here. 



Lemma 3.3. The set V t + coincides with {x E M : ft(x) > 0} and {x € M. : ft(x) 
0} = Vt U Vf . Moreover, for any idioe have 

~L-L j n ( a \ <r 

/ - i ' 

where the equality holds for x e V t + . 



< 3 - 2 > L-v+m ™*^ 



Proof. First note that if z = x + iy e C + , i.e., y > 0, then 

s 2 + 1 



$SF ll (z)=v(l+ f 
V Jm. 



(x — s) 2 + y 2 ^ ^ '' 
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which gives, particularly, 

s 2 + l 



J 

Jr 



(x — s) 2 + y 2 
It follows that for any fixed x <G R, the mapping 



dp(s) < oo. 



^Lix-^+y 2 ^ 



is decreasing and continuous on (0, oo) by Fatou's lemma. Indeed, for any sequence 
{y n } converging to y e (0, oo), 

r s 2 + 1 f s 2 + 1 

i (x-s) 2 + y 2 MS) ~ [x-tf+yl ^ 

which shows the continuity of the mapping. If ft(x) > then the definition of f t shows 
that for small e > we have 

s 2 + 1 J. f s 2 + l 

(x s) 2 + (1 + e)f 2 (x) df>{S) -t-^lix-sy + il- e)f 2 {x) df>{Sh 

which gives the equality in (3.2) by letting e — > 0. If ft(x) = then it is easy to see 
from Fatou's lemma that x e V t U Vf = R \ V t + , whence V t + = {x e M : f t {x) > 0} 
and V t U Vf ={x£R: / 4 (x) = 0}. This completes the proof. □ 
With the help of preceding lemma, we are able to provide another description of the 
set n t = {zeC+ : $SH t (z) > 0}. 

Lemma 3.4. The set {x + iy e C + : y > f t (x)} coincides with the set fl t and 
(3.3) / R ^W<^ ^ 

The function f t is continuous on R and the set V t + is open. Moreover, if 1 < t\ < t 2 
then Clt 2 C O tl and / tl (x) < f t2 (x) for all x e R. 

Proof. The equation (3.1) shows that 2 € fi t if and only if (3.3) holds. By 
Lemma 3.3 and the definition of f t , we have fl t = { x + iy € C + : y > ft{%)}, and 
hence the boundary dClt is the graph of y = ft(x). Since dVL t is simply connected and 
V t = {x € R : ft{x) > 0}, the second assertion holds. The last assertion follows from 

(3.3) . □ 
It was shown in [8] that the Cauchy transform G M is Lipschitz continuous on some 

subset of C + . The following proposition gives similar results for the reciprocal Cauchy 
transform on £l t . 

Proposition 3.5. The reciprocal Cauchy transform extends continuously to fit and 
satisfies 

(3.4) \F^( Zl ) - F^(z 2 )\ < J—\ Zl -z 2 \, Zll z 2 eTT t . 
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Moreover, this continuous extension can be represented as 

+ sz 



(3.5) 
Ift>2 then 



F^z) = a + z + 



JR s 



dp{s), z € fit- 



t-2, 



_-\zx - z 2 \ < |F M (zi) - F^(z 2 )\, Zi,z 2 e O t , 
and, consequently, is one-to-one. 

Proof. Using (3.3) and monotone convergence theorem gives the inequality 

s 2 + 1 1 _ 
dp( s ) < ~ ~, z € fit, 



J 

JR 



z — s\ 



whence the integral 



/ 

JR 



t-V 
2 dp(s) 



Ir \z - s\ 

converges for all z € fit by Holder inequality. This implies that 



JR ° z J R 



|z| 2 )s + a;(s 2 - 1) 



dp(s) + iy 



1 



dp(s) 



/r s-z ' J R |s-z| 2 

converges as well for z — x + iy e fi t . This implies that (3.5) holds, and moreover for 
z\ , Z2 € fit we have 

5 2 + l 



F,( Zl )-F^z 2 ) 



z\ - z 2 



< 1 



< 1 



< 1 + 



dp(s) 



R {S- Zi)(s- Z 2 ) 

2 + 1 N V2 
2 d P( s ) 



1 



Zl\ 
t 



R \S~ Z 2 \ 



;dp(s] 



1/2 



t- 1 i- 1' 

where the Holder inequality is used in the second inequality. Similarly, if t > 2 then 



> 1 



1 



t- 1 



Zi - z 2 

which implies the desired inequality. This completes the proof. □ 
For t > 1, it could happen that the boundary dfl t contains an interval let, i.e., 
ft vanishes on /. The following corollary characterizes such an interval. 

Corollary 3.6. Let I be an open interval in R. Then p(I) = if and only if for any 
closed interval J d I there exists some t > 1 such that ft{x) — for x G J . Moreover, 
if p(I) = then the expression (3.5) for F^ holds for x <E I and F^ is strictly increasing 
on I. 

Proof. First, assume that / is bounded, p(I) = 0, and J is any closed interval 
contained in /. Since g is continuous on /, there exists a number t > 1 such that 
g{x) < (t — 1) _1 or, equivalently, ft(x) = for all x e J. If / = (a, oo) (resp. 
/ = (— oo, a)) for some finite a and p(I) = then g is decreasing (resp. increasing) 
on /, whence it is easy to see that the necessity follows. The sufficiency follows from 
Lemma 3.1 and 3.3. 
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By Proposition 3.5 and the first assertion of the corollary, it is easy to see that 
(3.5) holds on any interval I having p-measure zero. For such an interval /, taking the 
derivative gives that 

x el, 



and therefore is strictly increasing on /. □ 
From the proof of Proposition 3.5, the function H t also satisfies similar estimates. 
That is, 

\H t (z-t) - H t (z 2 )\ < 2\z 1 - z 2 \, z\,z 2 € fl t , 

from which we deduce that H t is also Lipscitz continuous and has a continuous extension 
to fit- If this continuous extension is still denoted by H t then the equation H t (uJt{z)) = 
z, z € C+, shows that 

2|zi - z 2 \ < \u t {zi) - cj t (z 2 )\, z l7 z 2 e C+. 

The results in the following corollary are direct consequences of (3.3) and preceding 
discussions. We refer the reader to [2] for related results of the function H t and the 
subordination function io t . 

Corollary 3.7. The function Ht is a conformal mapping from fit onto C + and is a 
homeomorphism from fl t to C+ . 

Note that the continuity of f t on M ensures that the map x h->- x + ift{x) is a 
homeomorphism of K onto dfl t - Define the map ip t '■ K — > R as 

Then ip t is a homeomorphism as well by Corollary 3.7 and the equation 

u> t (4> t (x)) = u>t(H t (x + ift(x))) = x + ift(x) holds for ieR. 

It is apparent that we have 

„x // / \ \ tx — ip*(x) + itft(x) _ 
(3.6) F li m t (M*)) = \\ , ^K. 

Since oj t can be continued analytically to a neighborhood of ipt(x) if ft(x) > 0, it follows 
that the function f t is analytic on V t + . 

Now we are in a position to state the main theorem of this section. For any measure 
v on R, let supp(^) be the support of v and denote by v ac the absolutely continuous 
part of v with respect to Lebesgue measure. 

Theorem 3.8. Suppose that fi is a Borel probability measure (not a point mass) on M 
and t > 1 . Then the following statements hold. 

(i) The absolutely continuous part of /x fflt is concentrated on the closure of^t(V t + ). 

(ii) The density o/(/x fflt ) ac on the set ipt(V t + ) is given by 

dx [Pt[ >> ~ 7T|te - Mx) + itf t (xW ' ' ' 



10 



(Hi) The density of (/x fflt ) ac is analytic on the set ip t (V t + ) and at the point ip t (x), 
x e V t + , it is bounded by (t — l)/(wtft(x)). 

(iv) The number of the components in supp((^< ffl *) ac ) is a decreasing function oft. 

Proof. Since F^mt is continuous on C+, the density of the nonatomic part of /jP* 
is continuous except at the points x at which F mt(x) = 0. In view of (3.6) and the 
Stieltjes inversion formula, the density of /x ffl * at ipt(x) where x € V t + is given by 

du m 1 

t{t-l)f t {x) 



ir\tx - ipt(x) + itf t (x)\ 2 ' 

This shows that the support of (/x fflt ) ac is the closure of ip t (V t + ) and they have the 
same number of components since tp t is a homeomorphism. The assertion (iii) follows 
from part (ii) and the fact that ft is analytic on V t + . To verify the statement (iv), we 
need to show the the number of the components in V t + is nonincreasing as t increases. 
This will hold if we show that g never has a local maximum in any open interval (a, b) 
in R\V t + . Indeed, g is strictly convex on such an interval by Lemma 3.1, whence (iv) 
holds. □ 
Before we state the next result, observe that the number of atoms of decreases 
as a function of t. Indeed, this is a direct consequence of the fact that a point a is an 
atom of /z fflt if and only fj,({a/t}) > 1 — Since the open set V t + can be written as 
a countable union of open intervals, combining the result for atoms and Theorem 3.8 
gives the following conclusion. 

Corollary 3.9. With the same assumption in Theorem 3.8, the measure ^ fflt has at 
most countably many components in the support, which consists of finitely many points 
(atoms) and countably many intervals. Moreover, the number of the components in 
supp(^i fflt ) is a decreasing function oft. 

4. Support and Regularity for n m 

In this section, we will investigate the support and regularity property for the free 
convolution power /it ffl ' of \i where t > 1 and /i is a Borel probability measure (not a 
point mass so that V t + is nonempty) on R. By analyzing the formula 

, . .n „ , , , tx — ib t {x) + it f t (x) m 
(4.1) V(*( x )) = t-l ' XE ' 

established in the previous section, we are able to understand the relation between 
supports and regularities for the measures /i and /i fflt . If ft(x) = for some iel then 
H t (x) = tpt{x) and (4.1) can be rewritten as 

(4-2) Fft (x) = F^(Mx)) = tX ~^ 1 {x) . 

The following result gives another basic property of the homeomorphism tp t . 
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Lemma 4.1. The derivative tp' t ( x ) > f or x *= K + an d i>t * s a strictly increasing 
function on K. 

Proof. Let z = x + ift(x) be any point with x e V t + . Since functions /ft and /t are 
analytic at points z and x, respectively, it follows that 



dfft 



dHt 



dz 



Observe that 



l-(i-l) 
l-(t-l) 

2(i-l) 



( 5 2 + l)[( S -x) 2 -/ t 2 (x)+2»( S -x)/t(x)] 
\s-z\ 4 

(s 2 + l)[\s - z\ 2 - 2fi{x) + 2i(s - x)f t {x) 



dp{s) 



dp(s) 



J 

■h: 



(s 2 + l)f?(x) 



(s 2 + l)(s-x)f t (x) 



Is — z 



dp(s) - i / v " ' | M " ^ ,JtK "' dp(s) 
Jr 



s - z 



where the identity 
(4.3) 



/ 

JR 



dp{s) = 



s — z\ 



t-l 



is used in the forth equality. On the other hand, differentiating (4.3) with respect to x 
gives 

(s 2 + l)(s-x) 



f s 2 + 1 

dp{s) = f t (x)ft(x) / | u dp(i 

Jr \ s ~ z \ 



whence 

^l{ x + l f t { x )) = 2(t-l)f 2 (x) 
Combining these results gives that 



$(a0=2(t -!)/*(*) 



is — z\ 



dp{s) - if t {x) 



is - z 



dp(s) 



Is — z 



-dp(s) + fl 2 (x) 



s 2 + l 



Is — z\ 



dp(s) 



= 2{t-l)ft{x){f?{x) + l) ( ^ndp{s 

Jr I s ~ z \ 



>0, 

as desired. Since ipt is one-to-one and continuous on R with nonnegative derivative on 
a nonempty subset of K, it must be strictly increasing. □ 
Note that if x € Vt then ft(x) = 0, and Proposition 3.5 shows that the limit 
Ffiix) — hm e ^o F^(x + ie) exists and is a finite number. The next result characterizes 
the atoms of p in terms of V t and F M . 



12 



Lemma 4.2. A point a € K is an atom of fj, with mass /i({a}) = 1 — t 1 if and only 
if a G Vt and F^(a) — in which case the Julia- Caratheodory derivative of at a is 



1 f s 2 4- 1 

K( a ) = "Tr^T = 1 + / T N2 Ms)- 



Proof. First assume that a is an atom of /j,, i.e., the limit in (2.3) is 1 — t 1 > 0. 
This implies that 



lim KF^a + ie) = I Um / F^a + ze) | F M (g + ze) \ 
e^o 2 e^-o I ie J 

= — lim [ — ■ 

2e->o \^eG M (a + ie) ieG^(a + ie) ^ 

= 0. 

Using the limit shown above gives 

1 _i:„^(« + <e) 



= lim 



= lim ^>±i ! ) 
£^o e 

,. e + E k (s-ly+e* Ms) 

= hm 

/■ s 2 + 1 
= 1 + hm / — — - dp(s) 



1 + 



(s - a) 2 



where in the last equality monotone convergence theorem is used. Hence a belongs to 
the set V t , and F /Jj (a) is defined and equals zero. 

To show the sufficiency, by the arguments shown above it suffices to show that 

hm^±M=0 

e^o ie 

or, equivalently, 

(4.4) lim ^> + *e)-F»] =o 

e^O e 



F fl{ a + ie)-F,(a )=i ( i+ r f 2 ± l 



First, in view of (3.5) we obtain 

— A I 1 / 

(s — a — ie)(s — a) 

( 7 -^~T? \ M s ) < [ r + \ 2 M s ) = T~T^ 

Jr (s - a - ie)(s - a) J R (s - a) 2 t-l 



it follows that 



lim F^a + te)-F^a) = ^ t 



>o e t-l 

by dominated convergence theorem which implies (4.4). The expression of the Julia- 
Carathcodory derivative of F M is clear. □ 
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It was proved in [2] that if a point x £ R belongs to cj t (M), i.e., ft(x) = then the 
Julia-Caratheodory derivative H' t (x) > 0, where the existence of 

. H(x + ie) - H(x) 

HJx) = hm 

eio ie 

is guaranteed by the existence of H t (x) G K. Indeed, by a similar proof in Lemma 4.2 
and Lemma 3.3 at such a point x the Julia-Caratheodory derivative of is given by 

(4.5) F'^x) =l+[ ? £±L dp(s ) < _ i), 
from which we deduce that 

(4.6) H' t (x) = 1 - (t - 1) / dp(s) > 0. 

Note that (4.6) shows that if f t (x) = then H[(x) > if and only if or e V t ~. In the 
following proposition, by means of functions ft and tpt we are able to obtain certain 
regularity results which were proved in [2]. 

Proposition 4.3. Let a be a point in R and t > 1. T/ien f/ie following conditions are 
equivalent: 

(i) .f t (a) =0 ondF M (a) =0; 
(m) i^Bk (ia) = 0; 
(m) m(M) > 1 - t" 1 - 

Proof. The equivalence of (i) and (ii) follows from the bijectivity of "0* and (4.1). 
Indeed, letting = to f° r some a' e R implies that F mt(ta) — if and only if 

tol = ip t {a') and ft{&') — which translate to the conditions in (i). By Lemma 4.2 
and (4.5), it is easy to see that (i) implies (iii). On the other hand, by Lemma 4.2 we 
see that if ^({a}) = 1 — t$ 1 > 1 — t^ 1 then F fJi (a) = and ft {a) = 0. Since t < to, 
ft(ct) = by Lemma 3.4, whence (iii) implies (i). This completes the proof. □ 

Next, we investigate those intervals on which f t vanishes. 

Proposition 4.4. If f t vanishes on some interval I then the following statements are 
equivalent: 

(i) ti(I) - 0; 

(ii) F fJ- (x) for any x in I. 

If (i) or (ii) is satisfied then /^ ffl *('i/'t(/)) = 0. 

Proof. The implication that (i) implies (ii) follows from Proposition 4.3. Indeed, if 
^RF fJ- (x) — for some x € I then x is an atom of n, and hence fj,(I) > 0. Next, we prove 
that (ii) implies (i) . First we consider the case that / is a compact set [a, b] . Since F^ 
is continuous and nonzero on [a, b], G^(x) is a continuous and real- valued function on 
[a, b], and consequently fj,([a,b\) = by the Stieltjes inversion formula. Next, suppose 
that / is bounded but not closed. If I = (a, b] then we have fi([a+e, b]) = for any small 
e > by the result established above, and therefore letting e — > gives /x((a, b]) = 0. 
Similarly, the assertion (i) holds if I = [a,b) or I = (a,b). Finally, if I is unbounded 



14 



(closed or not closed) then by the results shown above and the countable additivity of 
yu, it is easy to see that = 0. This completes the proof that (ii) implies (i). 

By similar arguments and (4.2), it is easy to see that the last statement follows from 
(i) or (ii). □ 

Corollary 4.5. Assume that I cl is an interval on which f t vanishes and > 0. 
Then the interval I contains one and only one atom a of fi and this only atom has 
mass fJ,{{a}) > 1 -t~ x . Moreover, fj,(I\{a}) = and fi m (ip t (I)) = *MW) ~ (*~ !)■ 

Proof. First observe that F M has zeros in I. Since F M is strictly increasing on I 
by Corollary 3.6, it only has one zero a, i.e., a is the only atom of /j, in J by Lemma 
4.2. The atom a with the desired mass is a direct consequence of Proposition 4.3. It 
is clear that the set F\{a} must have /it-measure zero. Since /\{a} C V t U V t ~ and 
H at ({ta}) = tn{{a}) -(t- 1), ip t {I) has the desired ^ ffl *-measure. □ 

Theorem 4.6. Let I be any component in supp(/u) and t > 1. If I is an interval 
then it does not contain a closed interval on which f t vanishes and the interval ^t{I) 
is contained in some component of supp(/i ffl *). 

Proof. Let ai, • • • , a n be all the atoms of \i in I with (j,({ctj}) > 1— j = !,■■■ , n. 
Then it suffices to show that there does not exist an open interval J C • • • , a n } 

such that ft vanishes on J. If such an interval J exists then the fact fj,(J) > gives 
the existence of an atom a of /i in J with mass /z({a}) > 1 — t^ 1 by Corollary 4.5, 
a contradiction. Hence the first desired result follows. This result also reveals that 
g > (t — 1) _1 on the interval / except at points x such that ft{x) — 0. Since jjP* 
does not contain the singular continuous part, the last assertion follows from Theorem 
3.8(i). □ 

It is known that the measure /x fflt has fewer atoms when t increases. The next result 
explains where these disappearing atoms go. 

Proposition 4.7. Assume that a is an atom of /i and fj,({a}) = 1 — t$ . Then 
fj, st ({ip t (a)}) > for 1 < t < t Q and ip t (a) G supp((^ ffl *) ac ) for t > t . 

Proof. For 1 < t < t 0} we have fi({a}) > 1 — which implies that ip t (a) = ta 
is an atom of ^ ffl * by (4.1) and Proposition 4.3. Next note that there does not exist 
an open interval I containing a such that ft (x) = for all x G I. Indeed, if such an 
interval / exists then the facts that g{a) = (to — 1) _1 and g is strictly convex on I will 
lead to a contradiction. Hence ip ta (ct) must be in the closure of tptoO^)- Since a G V t + 
for t > to, the desired result follows from Theorem 3.8(i). □ 

Theorem 4.6 and Proposition 4.7 give the inclusion ■)/ ; t(supp(/i)) C supp(^i fflt ) or, 
equivalently, the complement IR\supp(/i ffl *) is contained in ?/> t (R\supp(/i)) for all t > 1. 
Since R\supp(/x) is a countable union of open intervals, the preceding observation 
leads us to investigate open intervals I which have /x-measure zero. First note that the 
Cauchy transform G M extends analytically through the interval I and takes real values 
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on /. Moreover, it can be expressed as 

= / — — dfi(s), x e I, 
Jr x s 

and G'n(x) = — J(s — x)~ 2 d^i(s) < which shows that G^ has at most one zero in I. 
To analyze the values of f t on the set R\supp(^i), we need the following lemma. 

Lemma 4.8. Suppose that I is an open interval in R with fi(I) = 0. 

(i) If has a zero x in I then x is an atom of p with mass 

P(W) = (sg + l^so) 

and p(I \ {xo}) = 0. 

(ii) At any point x <E I , the function g can be expressed as 

where the equality is interpreted as +oo on both sides at the unique zero xo, if it exists, 
of G^ on I. In addition, if I = (a, b) is bounded then 

inf '■ g{x) > — — P( \^ . 
xei 1 + max{er, tr} 

Proof. First observe that is continuous and takes real values on J\{a:o}, whence 
the weak*-limit of the measures dp e (s) in (2.2) as e I is zero which gives p(I\{xo}) = 
0. By Lemma 2.1, we have 



UmieFJx + ie) = -(x% + l)p({x }). 



On the other hand, 



Um G,(x 0+l e) = Um G,(x + t e)-G,(x ) = 
eio ie eio ie ^ 

which gives the desired mass for p({xo}) in (i). To verify the statements in (ii), by (i) 
we may assume that G p is nonzero on /. Then observe that for any x £ I and e > 
wc have 



c^p ( . Gftjx + ie) _ SG^x + ie) _ Sr 

^>' {X + le) -^\G fl (x + ie)\z- \G,(x + ie)\* ' 

On the other hand, the Nevanlinna representation for F M gives 



(x-s) 2 +e 2 



JR x-s+ 



2 ' 



SF^x + ie) =e(l 
from which we obtain 



+ f 7 — V^i 2 d P( s )) ' 



I s2 + 1 

Jr {s ~x) 2 +e 



Jr (x 



(4-7) / 7—TT2— 2 Ms) = ^EfJUE- L 



Jr 



dfi(s) 



x — s-\-ie 
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Since fi(I) = and G M is nonzero on /, it follows that 

lim f ^M( s ) f d/j,(s) ^ 

£ ™ Jr {x - s) 2 + e 2 J R (x - s) 2 °° 

and 

lim [ , ^ , = f^^O 



>0 7r (a; - s) + «e 
for all x £ I. Therefore, by the equation (4.7) we have 

9{x) = Li^ dp{s) 

s 2 + l 




Finally, for any x in the bounded interval (a, b) and s € R\(a, b) we have 

s 2 + 1 1 1 

> =7 > 



(s — x) 2 1 + x 2 1 + max{a 2 , b 2 } ' 
from which we deduce that 

1 

(s-x 



> 



1 + max{a 2 , b 2 } ' 

as desired. This finishes the proof. □ 

Proposition 4.9. If I is a bounded component in M\supp(/i) then for each t > 1 </ie 
interval ipt{J) contains at most two components of K\supp(/i fflt ). 

Proof. If G M has no zero in / then the strict convexity of g on / shows that there 
exists at most one subinterval J of I such that f t vanishes on J when t varies from one 
to infinity. If G M has a zero x in I = (a, b) then applying the preceding argument to 
the intervals (a, xq) and (xo,b) gives that two subintervals at most. Hence the desired 
conclusion follows from Theorem 3.8(i). □ 

For any t > 1, denote by n(t) the number of components in supp(/i ffl '). 

Theorem 4.10. If fi is any Borel probability measure on M then the following state- 
ments are equivalent: 
(i) n{t) = 1 for sufficiently large t; 



17 



(ii) n(t) < oo for some t > 1; 

(iii) the inftmum m of g on the set of all bounded components o/K\supp(/x) is nonzero. 
Moreover, if m > i/ien n(t) = 1 /or t > to, where 



and a is one of the atoms of [i with the largest mass. 

Proof. It is clear that (i) implies (ii). Next, suppose that n(t\) < oo for some 
t\ > 1 and ji({a}) < 1 — t^ 1 for any atom a of /i. Let St 1 be the set of all components 
which are bounded intervals in {x £ R : f^(x) = 0}. Then S tl is a finite set and by 
Corollary 4.5 the set St 1 is contained in the union of some components 7i, • • • ,I n of 
R\supp(/i). Note that each Ik is bounded. Indeed, if /u((M, oo)) = for some finite 
number M then > on (M, oo), whence p((M, oo)) = and g is strictly decreasing 
on (M, oo). This implies that g(x) < (t\ — 1) _1 for sufficiently large x, and so f tl 
vanishes on (c, oo) for some finite number c. Similarly, no 7 fe is of the form (— oo,M). 
Let [a, 6] be the smallest closed interval containing these J^'s. Then 



by Lemma 4.8(h). If / is the intersection of any bounded component in R\supp(/i) with 
(6, oo) and 7^0 then g(x) > (t\ — 1) _1 on 7. Indeed, if g(x) < (t\ — 1) _1 for some 
x G 7 then there exists some interval J C 7 such that g < (ti — 1) _1 on J, i.e., / tl = 
on J, which violates the definition of S^. Similarly, g > (t\ — 1) _1 on any bounded 
component in (M\supp(/i)) n (— oo,a), and hence (ii) implies (iii). Finally, assume that 
the number m in the statement (iii) is nonzero and let t > to, where to is defined as in 
theorem. Then with the help of Theorem 4.6, we see that ft(x) = 0} contains 

at most two components which are intervals, in which case these two intervals must be 
unbounded. In other words, the closure of V t + is an interval, whence n(t) = 1 and (iii) 
implies (i). □ 
In the proof of the preceding theorem, the set {x e M : ft(x) = 0} might contain 
two unbounded components for any t > 1. Actually, this happens when \i is compactly 
supported which was proved in [6] and [14]. In the following, we provide an analytic 
way to prove this fact. 

Corollary 4.11. Let t > 1. Then the following statements hold. 

(i) The function ft vanishes on (a, oo) (resp. (—oo, a)) for some finite number a if and 
only if /J,((M, oo)) = (resp. (— oo, M j) for some finite number M. 

(ii) The measure has compact support if and only if so does /x ffl *. 

(iii) If is compactly supported then n(t) = 1 for large t. 

Proof. If ft(x) = for x € (a, oo) then by Corollary 4.5 there exists a point M > a 
such that /i((M, oo)) = 0. Similarly, if f t vanishes on (— oo,a) then fi((— oo,M)) = 
for some finite number M < a. Conversely, if /i((6, oo)) = for some b then as 
shown in the preceding theorem we have ft(x) = for sufficiently large x. Similarly, 




inf{.g(a;) : x £ (R\supp(^)) n [a,b]} > 



p(R) 



1 + max{a 2 , b 2 } 
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if 00,6)) = then ft(x) = 0, x < a, for some finite number a, and so (i) follows. 
The assertion (ii) follows from (i), while (hi) is a direct consequence of Lemma 4.8(h) 
and Theorem 4.10. □ 
Now we are able to give a complete description of supp(,u fflt ) in terms of supp(yu). 
Consider a component / = (a, b) in M\supp(/i). The case b = 00 is discussed in 
Corollary 4.11. If b < 00 then one of the following cases holds. 

(i) The set R\supp(^i) contains a component (b, c) in which case b is an atom. 

(ii) There exists a point c > b such that (b, c) is contained in a component of supp(ju). 
(Hi) There exists a sequence of components (a n , b n ) in M\supp(^) such that b n+ i < a n 
for all n and a n 1 b as n — > 00. 

Cases (i) and (ii) are analyzed in Proposition 4.3, Theorem 4.6, and Proposition 4.9. 
Applying Corollary 4.5 to case (hi), it is easy to see that for each t > 1 there exists a 
point c > b such that there is no interval contained in (b, c) on which f t vanishes, whence 
g > (t — 1) _1 on (b, c) and tp t ((b,c)) is contained in some component of supp(^i fflt ). 
Similar statements also hold for a. 

It was proved in [1] that (i m ((ta, tfi)) > if ta, t(3 are atoms of /z fflt . Using functions 
ft and tp t , we can prove a somewhat stronger result. 

Proposition 4.12. If [i has atoms a < (3 such that fi({a}), ^({fl}) > 1 — t~ x then 
H mt ((ta,tp)) > 0. 

Proof. First observe that f t (a) = f t (/3) = F^(a) = F^fi) = and ip t (a) = ta, 
i^tiP) = t/3. Without loss of generality, we assume that F mt(x) ^ for all x in (ta,t(3) 
or, equivalently, F at (i>t ( x )) f° r au x € (a, ft)- By Theorem 3.8(i), it suffices 
to show that ft is positive at some point in [a,/?]. If ft vanishes on [a, /3] then F^ 
is continuous and strictly increasing on [a,0\ by Proposition 3.5 and Corollary 3.6, a 
contradiction. This completes the proof. □ 

By the work of Maassen [13], for any probability measure v on M there exists a 
unique probability measure fi on M. with mean zero and unit variance such that 

(4.8) F li (z) = z-G v (z), zeC+. 

If p denotes the finite positive Borel measure in the Nevanlinna representation of F^ 
as before then 

(s 2 + 1) dp(s) = dv(s) 
by the Stieltjes inversion formula and (2.2). In this case, 

H t (z) = z+(t-l)G„(z), zeC+, 
and hence z £ Q t if and only if 

dis(s) 1 



\z-s\ 2 t-l 

Moreover, the function g defined in section 3 is given by the formula 



(4-9) g(x) = / ** 



dv(s) 

x e 



X) 



2 ' 
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Proposition 4.13. There exists a Borel probability measure /i on K such that the 
number of components in supp(/i fflt ) is infinite for any t > 1. 

Proof. Define the probability measure v on K as 

oo 
71=1 

and let ^ be the unique measure satisfying the requirement (4.8). Then (4.9) shows 
that the function g is continuous and strictly convex on the intervals /„ = (2", 2" +1 ), 
n > 1, and 

(4.10) lim g(x) = lim g(x) = oo, 

from which we see that g reaches its minimum m n on each /„ . If x n is the middle point 
of /„ then for each s € M\I n , 



' nn+l on \ ^ 

(*-^) 2 > ( n ) =2 2 - 2 , 



/r\J„ ( S - X nf 



from which we deduce that 

m n < g(x n ) = / - "'" y "\ 9 < T 

This shows that for any t > 1, there are infinitely many intervals {I nk }kLi each of 
which contains a closed subintcrval J nj . such that f t vanishes on J Uk . Note that (4.10) 
shows that these intervals J„ k are separated by intervals on which f t is positive. Hence 
we conclude that the closure of the set 

V+ = {xeR:g(x)>(t-l)- 1 } 

contains infinitely many components, whence the desired result follows. □ 
We conclude this section with an example. For any < e < 1, consider the measure 

/i £ = |(5_i+5i) + (l-e)<5 . 

Since 



z(z 2 - 1) 



has zeros at ±\A ~~ e > by Lemma 4.8 and some simple manipulations we obtain 
and 

s 2 + 1 ex 2 + e(l - e) 



= I ( S +1 \2 
Jr {s - x) z 



(x 2 - 1 



Note that g e (x) = e(l — e) _1 at points x — 0, ±^/3(l — e) which implies that for 
1 < i < the set V t + = {x : <7 e (x) > (i — l) -1 } consists of two components which 
are contained in intervals (— \/3(l — e), 0) and (0, y / 3(I — e)), respectively. More- 
over, when t = e^ 1 the closure of the union of these two components is the interval 
[— y3(l — e), \/3(l — e)]. Hence the support supp((/U^*) ac ) consists of two components 
for 1 < t < e _1 and these two components merge into one piece when t > e _1 . On the 
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other hand, if e < 2/3 then the measure /zjr* has three atoms 0, ±t for 1 < t < 2(2— e) -1 , 
has one atom for 2(2 — e) _1 < t < e -1 , and has no atom for t > e _1 . If e = 2/3 then 
the measure zt^' has three atoms 0, ±t for 1 < t < 3/2 and has no atom for t > 3/2. 
If 2/3 < e then the measure /z^* has three atoms 0, ±t for 1 < i < e -1 , has two atoms 
±t for < f < 2(2 - e) -1 , and has no atom for t > 2(2 - e) _1 . By Proposition 4.7 
we see that 

e supp(( M ^) ac ) for t > e- 1 

and 

±t e supp((/^*) ac ) for t>2(2-e) _1 . 

From the above discussions, we conclude that the numbers of components in supp(/if *) 

as follows. 

If < e < 2/3 then 

f 5, for te (1,2(2 -e)" 1 ) 
n(t) = I 3, for t e [2(2 -e)- 1 ^- 1 ) 
[ 1, for t € [e _1 ,oo). 

If e = 2/3 then 

„ m _ f 5, for te (1,3/2) 

nW - \ 1, for t e [3/2,oo). 
Similarly, if 2/3 < e < 1 then n(i) begins with 5, reduces to 3, and then becomes 1 for 
large t. 
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